Abstract: Higher-order basis functions have been constructed for surface-based differential forms that are used in engineering simulations. These surface-based forms have been designed to complement the volume-based forms present in EMSolve [1], a finite element code. The basis functions are constructed on a reference element and transformed, as necessary, for each element in space. Lagrange polynomials are used to create the basis functions. This approach is a necessary step in creating a hybrid finite-element/integral-equation time-domain code for electromagnetic analysis.
Introduction
In this paper differential forms are used as a convenient way of classifying the various field types involved in solving Maxwell's equations. These differential forms have been used to create discrete differential forms volume basis functions, which are used in the unstructured finite element code EMSolve to solve time and frequency-domain engineering problems. As a step towards using differential forms to implement a hybrid finite-element/integral-equation formulation, differential forms surface basis functions are required.
Higher-order surface basis functions are implemented for each differential form. These basis functions exist on the reference element, with the calculus of differential forms providing the necessary transformation rules to map them to the real elements. Once the differential forms basis functions are constructed, it is relatively straightforward to implement new integral equations by examining the unknown quantities to determine which differential form type models them (see Table 1 ), implementing the appropriate Green's function, and constructing the appropriate element and global matrices. This procedure was followed for several different formulations to test the surface basis functions. The formulations used for validation include time and frequency-domain fullwave electromagnetics as well as an electrostatic formulation.
Bases Functions and Transformation Rules
We now present a construction of the surface differential forms and interpolatory basis functions to complement the volumetric forms previously defined in [1] . All surface elements in a physical , } x x = r denote an arbitrary point in the reference coordinate system and methods, all basis functions are defined on a reference element then transformed to the actual element. This approach is in contrast to that presented in [3] , where the basis functions are formed on the actual element. A summary of the transformations is given in Table 2 . The approach used here allows the reference space basis functions to be sampled and stored once per quadrature point used. It should be noted that the derivative of an n-form differential form basis function is an (n+1)-form.
Physical Properties

Units
Differential Form
Scalar Potential V/ 0 m − 0-Form Electric Field Intensity V/ 1 m − 1-Form Electric Surface Current A/ 1 m − 1^-Form Electric Surface Charge C/ 2 m − 2-Form
Twisted 1-Forms
Twisted 1-forms were used to implement both frequency domain (FD) and time domain (TD) full wave electromagnetic integral equations. These basis functions enforce normal continuity of a vector field. The FD and TD EFIE are written in the following compact form: The surface potentials are represented in terms of the twisted 1-forms integrated over the reference element as follows: Note that in (2) and (3) the determinant of the jacobian from the actual surface integration has cancelled with the determinant of the jacobian due to the transform of the basis from the reference element to the actual element. Applying a testing procedure with the twisted 1-forms results in the standard FD impedance matrix and the marching-on-in-time matrix systems,
2-Forms
The 2-forms were used to represent surface charge on conducting bodies. These basis functions are piecewise constant at lowest order. The potential on a conductor can be written in terms of the surface charge as
where Galerkin testing is used to form a matrix system. The capacitance of the system can be calculated from stored energy which is given by
3. Results For the FD code, the magnitude of the centroid current on each element was compared with the centroid value from the frequency-domain code EIGER [4] . This current was compared for a unit PEC cube meshed with 150 quadrilaterals. The centroid values of the surface electric current show good agreement with the EIGER results as seen in Figure 1 . For the time-domain case, the surface forms marching-on-in-time (MOT) algorithm achieved stable results for scattering from a unit PEC cube as illustrated in Figure 2 . The figure contains the x-directed current at the center of the top of a unit cube when an x-directed gaussian plane wave is incident from above. These results are qualitatively similar to results from the MOT algorithm in [5] . The self-capacitance of both a unit cube and sphere are presented in Table 3 . 4. Summary n constructed used in engineering simulations. The approach taken allows the basis functions to be used in other engineering applications other than electromagnetics. These surface-based forms have been designed to complement the volume-based forms present in EMSolve, a finite-element code used at Lawrence Livermore National Laboratory. The basis functions are constructed on a reference element and transformed, as necessary, for each element in space. The results presented in this paper validate the surface basis function formulation. This approach is a necessary step in creating a hybrid finite-element/integral-equation time-domain code for electromagnetic analysis. putational electro methods," http://www.llnl.gov/casc/emsolve.
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